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only the ramp and MA(1) model, and for only the random
walk and MA(1) model. Figure 7 shows that model adequacy
is attained only by using the combination of two nonstationary
processes and one stationary process. Note that a good fit
of the data is not attained with only one nonstationary
process. It can readily be seen from Eq. (4.5) that the
stationary 6, parameter plays an important part in deter-
mining the fit of the theoretical to the empirical ensemble
mean squared gyro drift rate.

It is important to note at this time that the “goodness of
fit” of the theoretical mean squared gyro drift rate to the
empirical ensemble mean squared gyro drift rate is based on
the models and parameter values determined from the
single sample long term gyro drift rate. The single sample
time series analysis techniques give us time estimates of
ensemble parameters, where the particular time series
analyzed can be considered as one member of the ensemble.

5. Conclusions

The detailed methods by which one would analyze long
term gyro drift rate have been presented in this paper. The

OCTOBER 1970

ATAA JOURNAL

ATAA JOURNAL

motivation behind this study was to present a uniform ap-
proach for determining a mathematical model for the drift
rate of a gyro that must operate in an inertial system over a
prolonged period of time.

It has been demonstrated in this paper that: 1) the single
sample time series analysis techniques are capable of handling
random walks and ramps appearing together in time series data
and 2) the technique of ensemble averaging is a useful tool
in determining model adequacy, even though the model is
determined from the single sample process.

References

! Oravetz, A. 8., Jakimeczyk, 8. J., and Sandberg, H. J.,
“Mathematical Modeling of Long Term Gyro Drift Rate,”
EASCON ’68 Conference Proceedings, Sept. 1968.

2 Box, G. E. P. and Jenkins, G. M., Statistical Models for
Forecasting and Conirol, Holden-Day, to be published.

8 Jenkins, G. M. and Watts, D. G., Spectral Analysis and Its
Applications, Holden-Day, 1968.

VOL. 8, NO. 10

- Minimum-Fuel Thrust-Limited Transfer Trajectories

between Coplanar Elliptic Orbits

E. A. Kern*
TRW Systems Group, Houston, Texas

AND

D. T. GrREENWOOD T
The Unwersity of Michigan, Ann Arbor, Mich.

A method is developed for the computation of minimum-fuel transfer trajeclories between
coplanar elliptic orbits with a thrust-limited variable-mass rocket moving in a central gravi-
tation force field. Each orbit is defined through the eccentricity, semilatus rectum, and
argument of pericenter. Transfer time is left open. The minimum-fuel trajectory is as-
sumed to consist of two thrusting phases separated by a coasting phase. Computation of the
minimum-fuel transfer trajectory is accomplished by a direct integration of the rocket equa-~
tions of motion and the associated adjoint equations. This direct approach is made possible
by a transformation of the adjoint equations into a set of equations which provide a much
better understanding of the general behavior of minimum-fuel transfer trajectories. An
IBM 7094 digital computer program with primarily single-precision arithmetic is used for the

computation. Rapid convergence is obtained over a broad class of transfer trajectories and

rocket thrust levels.

Nomenclature
A = ze cosgp
a = ratio of maximum rocket thrust to initial rocket weight
B = zesing

Presented as Paper 69-914 at the ATAA/AAS Astrodynamics
Conference, Princeton, N.J., August 20-22, 1969; submitted
August 13, 1969; revision received April 20, 1970. This paper
represents a portion of E. Kern’s Ph.D. thesis for the Aerospace
Engineering Department, The University of Michigan. It was
supported by The Air Force Institute of Technology, Wright-
Patterson Air Force Base, Ohio.

* Formerly with the U.S. Air Force Institute of Technology;
now member of the Technical Staff. Member ATAA.

t Professor, Aerospace Engineering Department. Associate
Fellow ATAA.

rocket effective exhaust velocity

orbital eccentricity

true anomaly

Hamiltonian

a portion of the Hamiltonian

a portion of the Hamiltonian

1/r

instantaneous rocket mass

semilatus rectum

distance from center of force to the rocket
switching funetion (s positive implies thrust is on)
time

radial velocity /»

transverse velocity /7

reciprocal of the instantaneous mass

reciprocal of the per-unit-mass angular momentum
tan=t(N\g/»)

o

T | s 1 VO

iy

mmgegwm%@gpnmmm*ﬁtma



OCTOBER 1970

f -+ ¢ = total polar angle

adjoint variable

[)\u2 + >\r2} 1/2

hAn

thrust intensity control variable (0 < £ < 1)

[p? 4 ng2]22

argument of pericenter

angle of thrust orientation above local horizontal

1 T | T S (O

e T N Y D

I. Intreduction

HE problem considered here concerns the determination

of time-open minimum-fuel thrust-limited transfer
trajectories between coplanar elliptic orbits. That is, given
two coplanar elliptic orbits defined, i.e., by pairs of semi-
latera recta, eccentricities and arguments of pericenter, the
problem is to find the minimum-fuel transfer trajectory be-
tween these two orbits. Prior attempts to find a reliable
and efficient method for solving this problem have met with
only limited success because of the extreme sensitivity of the
particular two-point boundary value problem. A significant
contribution has been made by McCue, who used a highly
sophisticated quasilinearization method to obtain solutions.!
However, McCue’s method consumes a relatively large
amount of computer time and appears very difficult to pro-
gram. Another pioneering effort worthy of mention
was made by Handelsman who computed minimum-fuel
trajectories using impulsive starting conditions.? Handels-
man’s orbit-to-orbit transfers were limited to coplanar, fixed-
time, open-angle Earth-to-Mars type trajectories. The ap-
proach taken in this paper is to transform the conventional
adjoint variables into a set of variables which provide more
insight into the characteristics of the optimum transfer
trajectory. Differential equations are developed for the
transformed variables, and these equations are integrated
directly along with the rocket equations of motion to find the
minimum-fuel transfer trajectory. The known two-impulse
transfer trajectory is used to assist in the choice of the un-
known initial conditions.’5 A systematic approach is em-
ployed to force the set of differential equations to satisfy the
boundary conditions. The transfer trajectory is assumed to
consist of two thrusting phases separated by a coasting phase.

II. Necessary Conditions for Optimality

The optimal transfer trajectory must satisfy the desired
initial and final boundary conditions while maximizing the
final mass of the rocket. A set of necessary conditions for
this optimal trajectory can be developed from variational
caleulus principles.

Units and Scaling

In order to obtain better scaling of the problem variables
and parameters and to make the results more readily appli-
cable to motion about any central-body attracting force, the
following set of units is employed throughout the study:
unit length = r* = convenient distance from attracting
center, unit acceleration = ¢* = acceleration of gravity at
distance r* and unit mass = initial mass of the rocket ve-
hicle. As a result of this choice of units [r*/¢g*[|¥2 = unit of
time (in one time unit a satellite in circular orbit of radius r*
would traverse through a central angle of one radian),
[r*¢*]Y2 = unit of velocity (the orbital velocity of a satellite
in a circular orbit of radius 7* would equal one velocity unit),
and ¢*r*? = gravitational parameter of the central body = 1.

Equations of Motion

The differential equations defining the motion of the rocket
are derived under the following assumptions: 1) The rocket
is a variable mass particle. 2) Rocket thrust is always in the
plane of motion, can be varied in both magnitude and direc-
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tion, and is a linear function of the mass flow rate. 3) The
acceleration of the rocket is due solely to the rocket thrust
and a spherically symmetric inverse square central gravi-
tational force field. With the aforementioned assumptions
the rocket equations of motion are

h = —uh 1) -

% =12 — y* — B3 + afwh sin¥ (2)
v = —2uv -+ afwh cos¥ 3)
=0 )

w = afw?/c (%)

where, with 7 the radial distance from the center of the
attracting body, b = 1/r, u = radial velocity/r, v = trans-
verse velocity/r, ¢ = ratio of maximum rocket thrust to
initial rocket weight, £ = thrust intensity control variable
(0 < £ < 1), w = reciprocal of the rocket mass, ¥ = angle
of thrust orientation above the local horizontal, and ¢ =
rocket effective exhaust velocity.
The Hamiltonian for the system defined by Eqs. (1-5) is

H = —ulbhy + @2 — u? — BN, — 2uvh, + Agv -
afwlh(N, cosy -+ N, sing) + wh,/c] (6)

where Ai, Ao, Aw, Ag, and A, are the adjoint variables associ-
ated with 2, u, v, 0, and w, respectively.

The optimal control must be chosen to maximize the Hamil-
tonian. Therefore, the thrust-orientation angle must be
chosen such that

sin¥ = A\,/A Q)
cost = A,/A (8)

where
A= [N N2 ®

The Hamiltonian maximized with respect to the thrust-
orientation angle becomes

H = —uhhy + 0 — u? — BN, — 2uv), + A\gv +
afwhA + wh,/c) (10)
In order to maximize the Hamiltonian with respect to the

thrust intensity control variable £, it is convenient to parti-
tion the Hamiltonian as follows

H = Hy + atwH, €39)

where
Ho = —uhhy + (02 — u? — BHAu — 2u0h, + Ao (12)
Hy = hA -+ wh,/c (13)

It follows that & must be chosen equal to one if H is greater
than zero and equal to zero if H, is less than zero. In other
words, if H; is positive, the rocket should be thrusting at
maximum intensity while for H; negative, the rocket should
be in a non-thrusting or coasting phase. If H; is zero over
any finite time interval, £ could take on any value in its per-
missible range without affecting the Hamiltonian. However,
for the case of time-open transfer trajectories, minimum-fuel
thrusting ares for which the thrust-intensity control variable
takes on intermediate values in the range 0-1 have been
shown by Robbins and also Kopp and Moyer to be non-
existent.b.7

From the Hamiltonian of Eq. (10), the adjoint equations are

Moo= M+ Bh*h. — afwA (14)
N = Ml 2uh, + 2\ 15)
Ao = =2\ + 20 — AL (16)
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N =10 a7
Ao = —2afwh./c — afhA (18)

Transformation of the Adjoint Variables

The conventional adjoint variables can be replaced by a
set of new variables which are coupled in a physical sense
more directly to the actual transfer trajectory. The differ-
ential equations which these new variables must satisfy will
be shown in the subsequent analysis. Differentiating both
sides of Eqs. (7) and (8) and simplifying, it can be shown that

A = 2uA + y sin¥ — N cosT (19)
¥ = 20+ (v cos¥ + Ay sin¥)/A (20)

where
v = h)\; (21)

Since the sign of H; controls the rocket thrusting, a switch-
ing function s can be defined as follows:

s = Hi/A (22)

A is by definition a positive quantity. Therefore, for s posi-
tive the rocket thrust should be at maximum intensity (H; >
0), while for s negative the rocket thrust should be zero (H; <
0). Direct differentiation of Eq. (22) yields after some
simplification

s = (s — h)y(Ng cos¥ — p sinW)/A + uh — s(2u + afw/c)
(23)

Finally, differentiating Eq. (21), the defining equation for »,
it follows from Eqgs. (1) and (14) that

v = Ah(3h2 sin¥ — atw) (24)

The conventional adjoint variables As, Ay, Ay, and A, can
now be replaced by the variables A, ¥, s, and ». Therefore,
the differential equations (19, 20, 23, and 24) replace
the adjoint equations (14-16 and 18). These new differ-
ential equations provide for a greater understanding of mini-
mum-fuel trajectories.

Transformation to the z, 4, B Coordinates

Since the initial and final boundary conditions on the
trajectory are a set of orbital parameters, it generally proves
more accurate to integrate a set of orbital parameters in place
of the conventional position and velocity coordinates. The
particular orbital parameters to be employed in the integra-
tion are as follows?.1¢:

z = h*v (25)
A = ze cos¢ (26)
B = ze¢ sing (27)

These new variables can be shown to satisfy the following
differential equations

2 = —akwe? cosV/h (28)
A = afw(cosd cos¥ + sind sin¥ -+ 22 cos¥ cosf/h)  (29)
B = atw(sinf cos¥ — cosf sin¥ + 22 cos¥ sinf/h) (30)

The previous three equations along with Eqs. (4, 5, 17,
19, 20, 23, and 24) are the basic set of equations which must
be satisfied by the minimum fuel trajectory. This set of
equations will be defined as the system equations. The
variables &, u, and », which appear in these equations, can
be found from the auxiliary relations

¢ = tan—(B/A) 31)
e = A/(z coso) (32)
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p=1/z (33)
f=0—-¢ (34)

h = (1 + e cosf)z? (35)
% = hez sinf (36)

v = h¥/z 37

The thrust intensity control variable £ is determined by the
switching function according to the following logic:

£E=15>0 (38)
£=0s<0 (39)

Boundary Conditions

Let the initial and final orbits be defined by the sets
(Po,0,90) and (ps,er,¢07) which represent the semilatus rectum,
eccentricity, and argument of pericenter for the initial and
final orbits, respectively. Since the initial mass of the rocket
is known, the boundary conditions on the state variables at
the initial time ¢, and the final time ¢; will be as follows

2(to) = [1/po]? 2(ts) = [1/ps]'? (40)
A(to) = 2(fo)eo cosgo, A(t;) = 2(ts)es cosgs (41)
B(ty) = 2(to)eq singy, B(t;) = z(fs)es singy (42)
w() =1 (43)

The times & and ¢; are defined as the times at which the
transfer is initiated and terminated, respectively. Defining
the times in this manner eliminates the need for coast periods
at the start and the finish of the computation. This results
in no loss in generality since the initial and final true anoma-
lies are not prespecified but must be determined to satisfy
the two-point boundary value problem.

As a consequence of the transversality conditions and the
boundary conditions on the state variables it can be shown
that?

Holt)) = 0: Ho(ts) = 0 (44)

For the time-open case being considered here, the Hamiltonian
must vanish along the entire transfer trajectory. This fact
along with Eq. (44) and the definition of the times £, and ¢,
leads to the boundary conditions on the switching funection

s(ty) = 0:8(t;) = 0 (45)

A boundary condition on one adjoint variable can be chosen
arbitrarily. Hence, without any loss in generality, it is per-
missible to set

A) =1 (46)

III. Minimum-Fuel Algorithm

The minimum-fuel trajectory must satisfy the differential
equations (4, 5, 17, 19, 20, 23, 24, and 28-30) and the
boundary conditions given by Eqs. (40-46). To find a
trajectory that satisfies this system of equations is a rela-
tively difficult task since at the initial time, the polar angle
6, the thrust angle W, the variable », and the adjoint variable
Ae are unknown. The basic problem is to find that correet
combination of the initial conditions for 8, ¥, », and A such
that when the system of differential equations is integrated,
the boundary conditions at the final time are satisfied.
Without any loss in generality the reference line from which
all angular measurements are made can be defined to pass
through pericenter of the initial orbit. Therefore, ¢(f) will
be equal to zero, and from Eq. (34), it is obvious that finding
the initial polar angle 6(¢) is equivalent to finding the initial
true anomaly f({;). The final time in this case is not fixed
but can be defined as the time at which all the conditions at
the end of the trajectory are satisfied.
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Initial-Approximate Transfer Trajectory

The corresponding two-impulse transfer trajectory can be
used as an ald in constructing a finite-thrust transfer tra-
jectory which serves as a good first approximation to the de-
sired transfer trajectory.®=5 This finite-thrust transfer
trajectory is defined as the initial-approximate transfer
trajectory. Reasonable estimates for the initial thrust
angle, initial true anomaly, and the thrusting interval dura-
tions can be easily derived from the two-impulse transfer
trajectory. The initial thrust orientation angle is set equal
to the thrust orientation angle for the first impulse, and the
initial true anomaly is computed by conjecturing that on
each thrusting phase the average true anomaly for the im-
pulsive thrust should be equal to the true anomaly at the
midpoint of the corresponding finite-thrust interval. The
durations of the thrusting intervals for the initial-approximate
transfer trajectory are chosen so that the integrals of rocket
acceleration for the finite-thrust case are equal to the respec-
tive magnitudes of the velocity change vectors for the im-
pulsive case.

The four unknown initial conditions ¥ (¢y), f(t), »(&), and
Ae are not independent. With three of these unknowns
selected, the fourth condition is fixed through the require-
ment that Hy vanish at the initial time. It has proved con-
venient to set independently the initial conditions on f, ¥,
and ». Setting H, from Eq. (12) equal to zero and solving
for A\ gives after some simplification

ev sinf eA sinf[ 0T cosf + e cos2f

Ao = 1 + e cosf - pls sinf

2 cosV(1 + e cosf)]} ey (47)

The initial values of ¥ and » can be chosen so that the
thrusting intervals are of the desired duration. A good
first approximation for W(f,) is available from the two-impulse
trajectory, but this value must be refined in order to achieve
the desired thrusting durations. In selecting a first approxi-
mation for »(f) a considerable amount of insight can be
gained by writing Eqgs. (19, 20, and 23) in the form

Y =20+ pcos(¥ — B)/A (48)
§ = (h — s)psin(¥ — B)/A + hu — sQu + afw/c) (49)
A = 2uA + psin(¥ — B) (50)

where
b= Dt + 22 (51)
B = tan~![Ng/7] (52)

In order to achieve the desired switching funetion character-
isties on the first thrusting interval, the switching function
must be as shown in Fig. 1. Numerical results from the two-
impulse trajectory indicate that the thrust angle should
always be near either 0° or 180° on the thrusting intervals.
This has been verified analytically by Culp.'t With ¥(%)
limited in the previous manner, a closer examination of Egs.
(48) and (49) indicates that for the switching function to
exhibit the proper characteristics on the first thrusting in-
terval, »(fy) must be restricted to the following ranges of
values.? ,

[v(to) le@y~0o <0 (53)
[v(to) lw iy~ 180° > 0 (54)
v(te) < |v(o)| > 20(ty) (55)

Further refinements on the choice of »()) will be made when
fixing the desired second thrusting interval.

With »(f,) established in the range provided by the previous
inequalities, the initial value of ¥ can be found such that the
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Fig. 1 Desired switching function behavior for the first
thrusting interval.

switching function exhibits the behavior shown in Fig. 1.
The computation of ¥(¢) is based upon the prineiple that
the duration of the first thrusting interval is proportional to
the ratio of the first and second derivatives of the switching
function evaluated at time . In other words

(= &) = [~K (/8] (56)

If s were constant over the time interval { — ¢;, then the
proportionality factor K in the previous equation would be
equal to two. The initial true anomaly is determined from
the two-impulse trajectory, and a reasonable starting value
for »(f) is selected from the range defined by inequalities
Eqgs. (83-55). Equation (56) is then solved iteratively for
the initial thrust angle using K = 2 on the first set of itera-
tions. The system differential equations are then integrated
to determine the actual duration of the first thrusting in-
terval. Defining #; = desired time for termination of the
first thrust interval and ¢, = termination time of first thrust
interval established by integration, then a new value of K is
computed according to the following rule:

Koew = [1 — (ha — t10)/(tia — to) 1Ko1a 37)

This new value of K is now substituted into Eq. (56), and
Eq. (56) is once again solved iteratively for ¥(&). The
process is repeated until ¢, becomes within a certain tolerance
of tld-

This method of determining W (%) has proven very reliable
and efficient. In the actual computer program, double-
precision arithmetic is used for the iterative solution of Eq.
(56), but the integration of the system equations is performed
in single-precision arithmetic. For most minimum-fuel
problems considered, the difference between iz and #, can
be made less than 5 X 1077 time units in 3 or 4 iterations.

The desired duration of the second thrusting interval is
attained in an iterative manner through a simultaneous ad-
justment of ¥(f) and »(f). This is accomplished by com-
puting ¥(¢) to obtain the desired first thrusting interval.
For every new value of »(%), V() must be recomputed in
order to satisfy the requirements of the first thrusting interval.

The specific manner in which v(,) is changed in order to
satisfy the second thrusting interval requirements depends
upon the type of transfer trajectory being considered. Trans-
fer trajectories can be classed according to the direction of
the thrust vector on each of the thrusting intervals. Let
forward and rearward thrustings be defined as thrustings
along which the thrust angle is near 0° and 180°, respectively.
Then each transfer trajectory can be classed according to the
thrusting sequence as forward-rearward, rearward-forward,
forward-forward, or rearward-rearward. The duration of
the second thrusting interval can be set through a proper
choice of »(f) for each of the previous types of transfer
trajectories. However, the manner in which »(fy) affects the
switching function in the forward-rearward and rearward-
forward transfers is notably different from the forward-
forward and rearward-rearward transfers.

Selection of a reasonable »(t) for forward-rearward and
rearward-forward transfers is governed by the requirement
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Fig. 2 Typical behavior of ¥, v, 8, ¥-8, and the switching
function over an entire transfer trajectory for the case of a
forward-rearward thrusting sequence.

that the thrust angle must change through approximately 180°
along the transfer trajectory. The curves of Fig. 2 can be
used to show how switching is accomplished on a typical
transfer trajectory with a forward-rearward thrusting se-
quence. As is evident from the figure, the angle ¥ — £ is
near =#180° on both thrusting intervals. Examination of
Eqgs. (48) and (49) reveals that this requirement on the angle
(¥ — B) must always be met if switching is to be accom-
plished. As is typical of all forward-rearward transfers, the
thrust angle increases over most of the trajectory, the variable
v increases monotonically over the entire coast trajectory,
and the angle B8 changes by approximately 180° over the
transfer trajectory. In addition, the time ¢ at which »
passes through zero corresponds very closely to the time on
the coast trajectory at which the slope of the switching
function reverses from negative to positive. Since » increases
monotonically along the coast trajectory, the time ¢, can be
controlled with the initial value of »v. Therefore, a certain
amount of control can be exerted upon the switching function
by means of »(f;). Larger negative values of »(fy) will result
in larger values of time f,. The value of ¢, in turn has a direct
effect upon the duration of the second thrusting interval.
Larger values of ¢ allow the switching function to become
more negative on the coast phase. Consequently, because
of the particular nature of the switching function dynamics,
the duration of the second thrusting interval is decreased.
This leads to the important econclusion that the duration of
the second thrusting interval can be controlled with »(f).
More negative values of »(f;) result in smaller second thrust-
ing intervals.

Similar reasoning can be applied to the case of rearward-
forward transfer. In this case, higher positive values of
v(ty) will lead to smaller second thrusting intervals.

Therefore for forward-rearward or rearward-forward
thrusting sequences the following iterative procedure for de-
termining the initial value of » can be formulated. 1) Select
an initial, reasonable »(f;). For example, »(t;) = 1.5v(%) for
rearward-forward thrusting and v(t) = —1.50(f) for forward-
rearward thrusting. 2) Compute ¥(f,) such that the correct
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first thrusting interval is attained. 3) Integrate the system
equations to some time ¢; + At sufficient for the transfer to
be accomplished. The time ¢; can be easily estimated from
the two-impulse transfer. 4) Compute the second thrust
interval. If this interval is too small, decrease |v(to)|. If
too large, increase |v(fy)|. 5) Repeat, using the improved
value for »(f), until the actual second thrusting interval
duration, as determined from the integration, is within a cer-
tain tolerance of the desired second thrusting interval
duration.

Using the previous approach, it is possible for most of the
transfer trajectories considered in this study to obtain the
actual second thrust interval duration to within 5 X 10-3
time units of the desired second thrust interval duration.

For the case of rearward-rearward or forward-forward
transfer trajectories, the thrust angle experiences only a small
net change over the entire transfer trajectory. In order to
restrict the thrust angle in this manner, »(f) must be chosen
very near —2v(fy) for forward-forward transfers and near
+2() for rearward-rearward transfers. The value of »
does not change sign along these transfer trajectories. Re-
versal of the switching function slope and therefore the dura-
tion of the second thrusting interval is governed by a very
delicate balance between the terms Au and (b — s)p sin(¥ —
B8)/A appearing on the right hand side of Eq. (49). A con-
sideration of the switching function behavior for these types
of transfers leads to the conclusion that larger absolute values
of v(f;) will lead to larger second thrusting interval durations.?
This fact can be used as a basis to formulate an iterative pro-
cedure for establishing the second thrusting interval duration
for forward-forward or rearward-rearward transfer trajec-
tories. The basic procedure will be similar to the case of
forward-rearward or rearward-forward transfers. However,
to start the iteration, »(f) must be near either +2v(t) or
—20(t;). In addition, as discussed previously, changes in
v{ty) will produce the opposite effects upon the duration of
the second thrusting interval.

Final Convergence Method

The procedure developed in the previous section results in
a transfer trajectory with final boundary conditions which
are only reasonably close to the desired boundary conditions.
Better matching of the final boundary conditions is achieved
by a two-step procedure which is based primarily upon
small perturbations about the initial-approximate transfer
trajectory developed in the previous section.

The first step in improving the initial-approximate transfer
trajectory is to make small adjustments in the injtial true
anomaly f(f,) in order to improve the final argument of peri-
center ¢(f;). This is accomplished by computing a sensi-
tivity coefficient which relates small changes in f(f) to small
changes in ¢(¢;). The resulting sensitivity coeflicient is used
in a conventional linear interpolation or extrapolation pro-
cedure to compute a new f(f;) which will result in an improved
¢(t;). After each change in f(f), ¥(f) and »(f) are read-
justed as outlined in the previous section in order to main-
tain the desired thrusting intervals. In the actual computa-
tion f(ty) is adjusted in this manner until ¢(¢;) is within 0.02
rad of the desired value.

Final convergence to the desired transfer trajectory is
achieved through the use of a sensitivity matrix which relates
small changes in f(f,), ¥ (¢), and » (&) to corresponding changes
in the final semilatus rectum p(¢;), final eccentricity e(ts), and
final argument of pericenter ¢(f;). On the first iteration the
sensitivity matrix is computed by perturbing one at a time
flts), ¥(ty), and »(f;) and observing the resultant changes in
p(t;), e(ts), and ¢(t;). Subsequent computations of the sensi-
tivity matrix can be made directly from the two most recent
trajectories by employing & method described by Kulakowski
and Stancil.’? The sensitivity matrix computed in this man-
ner is used in the well-known linear algorithm to compute an
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improved set of initial conditions, f(&), W(k), and »(&).
Computation is terminated when the final conditions p(¢;),
e(ts), and W(t;) are all within 10—* units of their respective
desired values.

IV. Computational Techniques

In the process of determining the minimum-fuel transfer
trajectory it is necessary to compute transfer trajectories
for a relatively large number of starting conditions. In
order that the computation be efficient, it is essential that
both the total number of transfer trajectories computed
and the amount of required computation for each transfer
trajectory be kept within reasonable bounds. The tech-
niques which make possible the efficient computation of
minimum-fuel trajectories are as follows,

Canonical Transformation on the Coast Trajectory

Computation along the coast trajectory is made possible
by means of a canonical transformation suggested by Fraeijs
DeVeubeke of the system state variables, adjoint variables
and the independent variable ¢.° The independent variable
in the newly transformed set is the polar angle 6, and the new
set of state variables are 2, A, B, w, and ¢, where 2, 4, and B
have been defined previously in Eqs. (25-27). Along the
coast trajectory with this particular transformation H,, the
portion of the Hamiltonian which governs switching, is a
function only of the state and adjoint variables at cutoff of
the first thrusting interval and the polar angle 8.2 Computa-
tion of the coast phase is accomplished by performing the
canonical transformation at the end of the first thrusting
interval. Since H; must be negative along the entire coast
trajectory and equal to zero at the end of coast, the polar
angle 6 which defines the end of the coast phase is easily
established by means of a Newton iteration procedure. To
begin the iteration, a reasonable first estimate of the desired
polar angle is computed from the corresponding two<impulse
transfer trajectory. With the polar angle at the end of
coast established in this manner, a transformation back to
the original variables is performed and integration of the
second thrusting interval is initiated.

Computation of the Thrusting Phases

The two thrusting phases are computed using a fixed step-
size, fourth-order Runge-Kutta integration algorithm with
single-precision arithmetic. With proper choice of step-
size, application of the fixed step-size integration routine
rather than an integration routine employing automatic
step-size control reduces the required computation time by a
factor of about 3. The system Hamiltonian, which must
remain zero over the entire transfer trajectory, provides a
convenient measure of integration accuracy. Integration
step-size is chosen such that the Hamiltonian ordinarily
remains less than 5 X 1077,

The thrusting phases must be terminated at precisely
the instant at which the switching function s passes through
zero. This is accomplished by allowing the integration to
proceed until the switching function reverses sign and be-
comes negative. The value of s and § are computed at this
time, and the integration routine is given a new step-size
(—s/s). This process is repeated until the magnitude of s
becomes less than 1077,

Backward Integration of the System Equalions

For certain classes of transfer trajectories, the resulting
final values of semilatus rectum, eccentricity, and argument
of pericenter become very sensitive to small changes in the
program initial conditions. This is particularly true when
the second thrusting interval is very small. For this case, it
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Fig.3 Error in the duration of the second thrusting inter-
val as a function of the initial value of ».

becomes practically impossible to find the set of initial condi-
tions that will allow the switching funetion to provide
proper switching on the second thrusting interval. Very
small changes in the initial conditions on the order of 5 X
108 result in either too much thrusting time or else no thrust-
ing time for the second thrusting interval. This difficulty
is overcome by computing these transfer trajectories in the
reverse sense, starting at the desired terminal conditions and
integrating backwards in order to meet the desired initial
conditions. :

Determination of the Initial Value of v

The initial value of the variable v is determined so that
the desired duration of the second thrusting interval is
attained. For most transfer trajectories, the duration of the
second thrusting interval is very sensitive to the choice of the
initial value of ». In order to limit computer time, a con-
siderable amount of computation logic is required in estab-
lishing the desired initial value of ». The general behavior
of the error in the duration of the second thrusting interval
as a function of the initial value of |»| is shown in Fig. 3 for
the case of a forward-rearward transfer trajectory. The
maximum error in Fig. 3 is a consequence of the initial |»|
being too large. This causes the switching function s to re-
main negative on the desired second thrusting interval re-
sulting in a complete absence of the second thrusting interval.
On the other hand, the minimum error is caused by the initial
value of |»| being too small. This results in a failure of the
switehing function to return to zero on the second thrusting
interval and therefore, the thrusting interval is not

" terminated.

The basic computational problem is to find the initial
value of v that reduces the duration error to a small value
without requiring an unreasonable number of trajectory
computations. Therefore, in the early stages of the compu-
tation, large changes in the initial value of » are programmed
in order to establish quickly the minimum and maximum
error bounds. Once these two error bounds have been
established, linear interpolation between these bounds is
employed, with the restriction that the interpolation always
be conducted between the values of positive and negative
error. This procedure is followed until two initial values of
v can be found for which the errors lie within a region with
upper and lower bounds of 0.75 X (maximum error) and
0.75 X (minimum error), respectively. From this point on
in the computation, linear interpolation or extrapolation is
conducted between the two most recent pairs of initial » and
error values. Computation is terminated when the duration
of the second thrusting interval is within 10~ time units of
the desired duration.

V. Numerical Results

In order to define the limits of applicability .of the method
and to eliminate any serious deficiencies in the computer
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program, a large number of different transfer trajectories
were considered. Six of these trajectories are summarized
in Table 1. An effective exhaust velocity ¢ of 0.5 is used
for all the transfer trajectories. If the basic unit of length
is taken as the Earth’s radius, this effective exhaust velocity
is equivalent to a specific impulse of approximately 400 sec.
A transfer trajectory is considered to be convergent if the
errors in the final (in the case of forward computation) or
initial (in the case of backward computation) eccentricity,
semilatus rectum, and argument of pericenter (radians) are
each less than 1074 All of the transfer trajectories in Table
1 are convergent by the above definition.

The thrust angle behavior for runs 1 and 2 of Table 1 is
shown in Fig. 4. Also included are the initial and final true
anomalies. The forward-rearward transfer, Fig. 4a, is typi-
fied by the thrust angle changing by approximately 180°
along the transfer trajectory, while in the case of the forward-
forward thrusting sequence (Figure 4b) the thrust angle
experiences only a very small net change over the entire
transfer trajectory. Figure 4b shows the thrust angle be-
havior for the transfer between almost circular orbits (¢ =
e; = 0.05). The thrust angle behavior and the initial and
final true anomalies bear close resemblances to the minimum-
fuel two-impulse transfer between circular orbits, better
known as the Hohmann transfer.

IBM 7094 computer time requirements ranged from a low
of 10 sec to a high of about 50 see, with the higher computer
times being associated with transfer trajectories, which are
very sensitive to small changes in the initial conditions. The
aforementioned times are for the finite-thrust transfer trajec-
tory computation only. Approximately 20 additional seconds
of computer time are required for the computation of the cor-
responding minimum-fuel two-impulse transfer trajectory.
A detailed computer time breakdown for the trajectories
summarized in Table 1 is shown in Table 2. The run num-
bers appearing in the table are consistent with Table 1.
Computer time is given in seconds.

The individual errors in the desired semilatus reetum,
eccentricity, and argument of pericenter for run 5 of Table 1
are given in Table 3 as a function of the iteration number.

This particular transfer trajectory is computed in a backward
sense, starting at the desired final conditions and attempting
to match the desired initial conditions. The low initial
eccentricity e; = 0.03 results in rapid changes in the argument
of pericenter as the initial orbit is approached. This causes
the argument of pericenter error to be relatively large, thus
slowing down the convergence. The errors corresponding to
iteration zero are the errors for the initial-approximate trans-
fer trajectory. On iterations 1-4 the initial true anomaly
f(to) is adjusted to reduce the argument of pericenter error.
Iteration one obtains the initial sensitivity, relating changes
in f(4) to changes in argument of pericenter error. The
true anomaly f(f,) is increased arbitrarily by 0.01, and ¥(z,)
and »(f) are recomputed to attain the required thrusting
interval durations. At the end of iteration 4, the argument
of pericenter error is less than the pre-established maximum
value of 2 X 1072, and the simultaneous adjustment of
fte), ¥(t), and »(ts) by means of the sensitivity matrix is
initiated. Computation is terminated at the end of iteration
12 with the errors all less than 10—

The region of applicability of the convergence method
cannot be precisely defined because of the many possible
combinations of rocket thrust levels and initial and final
orbits. Minimum-fuel transfer trajectories have been suc-
cessfully computed for orbital eccentricities greater than
1078 and less than 0.8 and for rocket thrust to weight ratios
greater than 0.025 and less than 1.0. Convergence is more
difficult to attain for trajectories with forward-forward or
rearward-rearward thrusting sequences. This is primarily
because of the delicate balance which must be maintained
between the terms (b — s)p sin(¥ — B)/A and hu of Eq.
(49) in order to obtain the desired switching function char-
acteristics. Both of these terms remain very small and are
of opposite sign over most of the transfer trajectory. This
results in very small changes in the switching funection over
the entire transfer trajectory.

Table 2 Computation time (IBM-7094)

Phase time, sec Total
) time,
Table 1 Summary of minimum-fuel transfer trajectories Run Phage 1« Phase IT? Phase 11I¢ sec
Finite Two 1 4 5 2 11
Ap thrust impulse 2 8 10 3 21
Run a e(te) ()  e(ts) pls) deg AV AV 3 7 6 9 15
1 04 07 1.5 0.2 1.0 150 0.3635435 0,3622068 4 9 14 4 27
2 0.4 0.05 2.0 005 1.0 0 0.2803388 0.2802910 5 4 9 3 16
3 0.05 0.2 1.25 0.2 1.50 120 0.1462795 0.1424484 6 7 36 2 45
4 0.4 0.2 1.50 0.8 1.0 90 0.3050198 0.3048221
5 0.4 003 1.25 0.2 1.5 120 0.0920852 0.0920252 a Phase ] —initial approximate transfer trajectory.
6 0.4 005 1.0 0.05 2.0 0 0.2807767 0.2805122 b Phase II—adjustment of initial true anomaly.

¢ Phase IIT—final convergence (sensitivity matrix).
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Table 3 Error behavior (run 5, Table 1)

Error X 10°
Tteration P e ¢, rad
0 1.17368 —22.87911 329.30260
1 1.12581 —25.11474 349.50271
2 —0.16358 1.88112 —45.97852
3 0.00699 —1.03564 29.97921
4 —-0.03710 0.04818 1.08311
5 —0.15672 0.09923 2.11155
6 0.01580 0.00327 —0.88245
7 —0.04964 0.02363 1.04833
8 —0.01092 0.00512 0.23766
9 —0.00547 0.00264 0.12189
10 ~0.02010 0.00963 0.41148
11 —0.01302 0.00654 0.29120
12 —0.00454 0.00227 0.09516

V1. Conclusion and Future Study

An efficient method for computing time-open minimum-
fuel finite-thrust transfer trajectories between two given co-
planar elliptic orbits has been developed. Computation of
the minimum-fuel transfer trajectory is aceomplished by a
direct integration of the rocket equations and the associated
adjoint equations. This direct approach is made possible
through the insight gained from a transformation of the
adjoint equations.

The program has been extended recently to make the con-
vergence method applicable to a larger class of transfer
trajectories.’® A finite-thrust correction developed by
Robbins was applied to the thrusting intervals during
computation of the initial-approximate transfer trajectory.
This correction forced the initial-approximate transfer
trajectory closer to the desired transfer trajectory. This
has extended convergence to lower thrust levels and to trans-
fers requiring higher impulse levels. In addition, a method
was developed to compute an initial estimate of »(¢;) directly
from the two-impulse program. This has improved con-
vergence particularly at higher orbital eccentricities. Also,
the entire method was programmed in double precision
arithmetic. This has increased the accuracies at every stage
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of the computation, thus extending the method to include
more sensitive transfers.
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